Genetic relatedness is a central concept in the study of social evolution. Though originally defined in terms of genealogy, the modern version of relatedness accommodates genetic similarity of any origin. This paper examines relatedness in group structured models, in which a trait affects the fitness of all group members. Such traits can be divided into two types, based on whether their group fitness effects encompass all group members including the actor ("whole-group traits"), or only group members other than the actor ("other-only traits"). Both trait types are common in nature as well as in theoretical models, but they have rarely been distinguished clearly. The average relatedness of recipients to actors differs for the two trait types within the same population and even the same individual, leading to different selection pressures and evolutionary outcomes. Total relatedness in group structured models can be partitioned into two components: structural relatedness due to the size and number of groups in the population, and assortative relatedness due to the distribution of genotypes among groups. Each component differs for whole-group versus other-only traits, both in terms of their values and the factors that influence them. Some key differences include: positive relatedness requires positive assortment for other-only but not for whole-group traits; negative relatedness is possible for other-only but not whole-group traits; relatedness depends on average group size for whole-group but not other-only traits, and non-random assortment into groups affects relatedness more strongly for other-only than whole-group traits. Recognizing the distinction between these trait types resolves some apparent contradictions in the literature, and clarifies the limits of some previous results.
Introduction
The phrase "social evolution" refers to situations in which an individual's genotype affects the fitness of other individuals as well as itself. A classic example is an altruistic trait, which confers a cost on the actor and a benefit to other individuals. One very general tool for studying social evolution is the concept of inclusive fitness. This approach partitions fitness effects into two components: one affecting only the actor and the other affecting other individuals, with the second component weighted by relatedness to the actor. A social trait is selectively favored when it satisfies Hamilton's rule: rb -c > 0, where b is the fitness effect on recipients of the act, -c is the fitness effect on the actor, and r is the relatedness of the recipients to actor (Hamilton, 1964) . The sign of r indicates what kind of social effects are selected for (beneficial when r is positive, detrimental when r is negative), and its magnitude indicates how important social effects are in determining what evolves.
The concept of relatedness has itself evolved over the years. It was originally conceived as the expected proportion of genes identical between two individuals due to recent common descent, as calculated from a pedigree (Hamilton, 1964) . Later, Hamilton (1970 Hamilton ( , 1972 redefined relatedness in a more general way as a statistical measure of genetic similarity regardless of its source. The coefficient of relatedness (r) was redefined as the regression slope of recipient genotype on actor genotype. Here a "recipient" is any individual whose fitness is affected by the social effects of the trait, and "genotype" is defined either as the frequency of a given allele (as in population genetics), or as the "breeding value" of a phenotypic trait (as in quantitative genetics). Instead of recent common descent, this coefficient measures the extent to which actors are either more similar to recipients than to average members of the population (positive r), or less similar (negative r).
The two concepts of relatedness are sometimes distinguished by using the terms "relationship" to denote the original narrower notion of common ancestry, and "relatedness" to denote statistical similarity regardless of its source (Grafen, 1985, p.41) . Under certain simplifying assumptions the two definitions coincide, but when they do not it is the modern statistical definition rather than the original genealogical version that makes inclusive fitness theory work (Hamilton, 1975; Grafen, 1991) . In this paper the term "relatedness" will mean genetic similarity as measured by the regression coefficient.
This paper addresses relatedness in the context of subdivided or group-structured populations. In particular it compares two kinds of social traits that have each been modeled many times, but are rarely distinguished. These two trait types differ in terms of the factors that influence relatedness, the values that relatedness can take, and the kinds of social effects that can evolve, and failing to distinguish between them has led to confusion in the past.
Relatedness in group-structured models
Relatedness was originally framed in terms of interactions between specific individuals, but it has been extended by Hamilton (1975) and others to contexts in which a population is divided into groups, and the trait in question affects the fitness of all members of the actor's group. Because these models define group membership in terms of the fitness effects of a particular trait, they are often referred to as "trait group" models (Wilson, 1975) . For simplicity, it is generally assumed that all recipients receive an equal share in the trait's "social" fitness effects. Whether a trait with a given individual cost and total group benefit is positively selected depends on the average relatedness of recipients to actors. Hereafter the term "relatedness" will be used as shorthand for average relatedness of recipients to actors.
Depending on the nature of the trait in question, the recipients of the group fitness effect may or may not include the actor itself. In other words, a given trait may provide a benefit to all group members except the actor, or to all group members including the actor. I will refer to these two types as "other-only" and "whole-group" traits respectively. Both situations are frequently encountered in nature (Table 1) and both have been treated many times in theoretical models (Table 2 ). The distinction is rarely noted, but it has important implications both for how relatedness is calculated, and for how it is influenced various factors. Chao & Levin, 1981; Riley & Gordon, 1992 * Here the label refers to the selfish rather than the cooperative form of the trait. † Here the entities analogous to individuals are subunits of the organism, and the organism plays the role of a group. 
Calculating relatedness
The earliest models of group-structured populations were whole-group models (Table 2) . However, Hamilton developed the regression coefficient of relatedness in the context of otheronly traits (Hamilton, 1964) , and continued to use other-only traits in his models of groupstructured populations (Hamilton, 1975) . Some later formulations of relatedness were also first applied to other-only traits (here termed "Covariance ratios"; Table 3 ). At least two formulas for the relatedness coefficient were developed in the context of whole-group traits: the "Proportion of variance" formula, and the "Subjective difference" formula for single-locus two-allele haploid systems (Table 3) . Each of these formulas was originally developed in the context of one of the two trait types, but most can be applied to either trait type simply by defining recipients appropriately. The exception is the "Proportion of variance" formula, which applies only to whole-group traits. The other formulas in Table 3 can be rewritten in a general form by replacing either G W (average genotype of all group members including actor) or G O (average genotype of other group members) with the more general notation G R (average genotype of recipients). To apply the generalized formula correctly one must use the appropriate definition of G R for the trait at hand; either G O for other-only or G W for whole-group traits.
The relationship between G O and G W depends on actor genotype and group size. For whole-group traits, the average genotype of recipients includes the contribution of both self and others, weighted by their relative frequency among recipients. For an actor in a group of size n, self makes up 1/n of the total set of recipients, with others making up the remaining (n-1)/n. Thus for whole-group traits the average genotype of recipients can be represented as the weighted average of the genotypes of self and others:
(1)
Because the average genotype of recipients differs for whole-group versus other-only traits, relatedness differs for the two trait types within the same population, and even within the same individual. For whole-group traits the average relatedness of recipients to actor is an average over self and others, weighted by the frequency of each among the recipients. Relatedness to self is always 1, and we can let r o denote the average relatedness of other group members to the actor. For other-only traits then, average relatedness of recipients to actors is simply r o . For whole-group traits in a population with uniform group size n, it is
When group sizes vary, the relationship between r w and r o is complicated by the distribution of genotypes among groups of varying size, as described below (Fig. 3) . However, relatedness is always at least as high for whole-group as for other-only traits of the same individual. Rearranging equation (2) shows that under uniform group size relatedness is greater for wholegroup than other-only traits by (1-r o )/n, which is non-zero when r o < 1, or whenever there is genetic variation within groups. Table 3 . Some formulations for the relatedness coefficient.
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, Cov Michod & Hamilton, 1980; Seger, 1981; Queller, 1985 Proportion of variance Breden, 1990; Frank, 1995a Frank, , 1997 Subjective difference Wilson, 1977a; Wilson et al., 1992; Kelly, 1992; Taylor, 1992 The relationship between whole-group and other-only relatedness can be used to derive a modified "Proportion of variance" formula (Table 3) for other-only traits. If we assume uniform group size, we can substitute the "Proportion of variance" formula for r w into equation (2) and rearrange, yielding
If group size varies, however, there is no fixed relationship between the ratio of variances and other-only relatedness. (See Fig. 3 for an example in which the variance ratio changes while other-only relatedness remains constant.)
Population structure as a source of relatedness
Relatedness in group-structured models can be influenced by many processes, including patterns of group formation and extinction, migration between groups, reproduction, offspring dispersal, and death. However, the resulting pattern of relatedness that exists at any given time can be decomposed into just two components. The first is population structure, defined as population size and group sizes. The second is the pattern of assortment, or how genotypes are distributed among groups. It is useful to partition the coefficient of relatedness into a sum of two values corresponding to these components. Relatedness due to population structure is "structural relatedness", or r s = E(r), defined as the expected relatedness of recipients to actors for a given population structure under the assumption that individuals assort into groups randomly with respect to genotype.
Calculating structural relatedness
To calculate structural relatedness one needs to know expected relatedness to both self and other group members, and the frequency of self versus others among recipients. Relatedness to self is always one. Relatedness of the rest of the global population to an actor is -1/(N-1), where N = global population size (Hamilton, 1971 ; for derivation see Appendix 1.) Under random assortment, other group members are a random sample of the global population minus the actor, so that expected relatedness to other group members equals relatedness to the rest of the global population. Thus structural relatedness for other-only traits is
To find structural relatedness for whole-group traits we can substitute equation (4) into equation (2) and average across group sizes. The result can be expressed in terms of either average group size or number of groups:
where N = global population size, n = average group size, and g = number of groups in the global population. (For derivation see Appendix 2.)
Comparing equations (4) and (5) shows that within the same population, structural relatedness is greater for whole-group than other-only traits by g/(N -1). Thus relatedness is expected to differ most for the two trait types when groups are small (Fig. 2) . Note that structural relatedness is completely determined by population size and average group size, and is unaffected by allele frequency or variance in group size.
Effects of group size
Equations (4) and (5) show that group size affects relatedness for whole-group but not other-only traits. For example, in an infinite population structural relatedness is zero for other-only traits but is 1/ n for whole-group traits ( Fig. 1; Appendix 2 ). This is because the relative contribution of actors to the average recipient genotype is always zero for other-only traits, but varies with group size for whole-group traits, making up 1/n of the group genotype, where n = group size. As group size falls the influence of actor's genotype on average recipient genotype increases, and therefore so does the expected relatedness of recipients to actors.
Effects of population size
Population size affects relatedness for both trait types, but in slightly different ways. In an infinite population relatedness to the rest of the population is zero. Under random assortment other group members are a random sample of the global population, so that expected relatedness to the rest of the group is also zero. (I.e., the actor is no more or less similar to other group members than to an average member of the global population.) In contrast, in a finite population the average genotype of the rest of the population depends on the actor's genotype. Any deviation of actor's genotype from the global average G W is offset by a deviation with the opposite sign by the rest of the population. In other words, the sign of G A -G W is opposite that of G O -G W . This is illustrated by rearranging equation (1):
If we think of the global population as a single group, equation (6) shows that actor genotype is negatively correlated with the average genotype of the rest of the global population, so that relatedness is negative. Thus under random assortment, expected relatedness to the rest of the group is also negative. Population size affects relatedness more strongly for other-only than for whole-group traits in the same population. This is because others make up a larger proportion of recipients for other-only than for whole-group traits (1 versus (n-1)/n). The effect of population size on wholegroup traits diminishes as groups get smaller, vanishing at n = 1 because the frequency of others among recipients decreases to zero as group size decreases to one (Fig. 2) . . Effect of population size on structural relatedness for whole-group traits (solid lines) and other-only traits (dashed line) for various average group sizes (n). For equations see (4) and (5). The extreme left end of each line, although included for completeness, does not actually correspond to a population divided into multiple groups in which the trait can be expressed. (Note that solitary individuals are treated differently for the two trait types. For whole-group traits the actor is the only recipient, so that relatedness is 1. For other-only traits there is no recipient and relatedness is undefined. Thus for other-only traits, the effective N for calculating relatedness is the number of non-solitary individuals.) Population size has little effect on relatedness unless populations are quite small, i.e., well under 100 individuals (Fig. 2) . This condition is unlikely to be met when populations include an entire species or deme. However, for Hamilton's rule to apply correctly under local competition, relatedness must be calculated relative to the local competitive neighborhood rather than the entire interbreeding population (Queller, 1994) . In such cases the relevant population size may be small enough to affect the outcome.
Assortment as a source of relatedness
Relatedness in group-structured populations depends not only on the size and number of groups, but also on how individuals are distributed among those groups -specifically whether they are distributed randomly with respect to genotype. When genetically similar individuals tend to be in the same groups the population is said to exhibit positive assortment, and when dissimilar individuals tend to be together more often than expected, the population is said to exhibit negative assortment. (Equivalent terms include "assortation" and "dissortation" (Hamilton, 1971 (Hamilton, , 1975 , and "underdispersion" and "overdispersion" (Bell, 1978) ).
Measuring assortment
To measure assortment Hamilton (1975) assumed other-only fitness effects and infinite population size, and defined assortment as the regression of recipient genotype on actor genotype. This of course is also the coefficient of relatedness. As equation (4) shows, under these assumptions structural relatedness is zero, so that non-zero relatedness can indeed only be due to assortment. How can relatedness due to assortment be measured in a more general way that also applies to finite populations and to whole-group traits? By definition, relatedness in groupstructured models is influenced only by population structure and assortment. We can therefore define relatedness due to assortment as all relatedness not accounted for by population structure:
where r a is relatedness due to assortment, r is total relatedness, and r s is structural relatedness. In other words, r a is the deviation of the relatedness coefficient from its expected value under random assortment. This measure subsumes Hamilton's (1975) measure of assortment as a special case for r s = 0. Its expected sign is zero when assortment is random, and it is positive when group members are more similar than expected and negative when they are less similar than expected. Under this definition, what constitutes non-random assortment actually differs for the two trait types in the same population at the same time. For other-only traits, assortment can be non-zero only if other group members are more (or less) similar to actors than expected. For whole-group traits however, assortment can also be non-zero if self makes up a larger (or smaller) proportion of recipients than expected. This occurs if the genotype of interest tends to occur in smaller (or larger) groups than would be expected if distributed randomly. A bias toward smaller groups generates positive assortment, and a bias toward larger groups generates negative assortment. Thus for whole-group but not other-only traits, even a single individual of a given type can assort either positively or negatively with itself (Fig. 3 ).
Assortment has a greater impact on other-only than whole-group traits Assortment effects relatedness more strongly for other-only than whole-group traits. For any given population with uniform group size n, the difference is a factor of (n-1)/n (Appendix 3). This reflects that fact that for other-only traits all recipients are subject to the effects of assortment, while for whole-group traits size only non-self recipients are subject to the effects of assortment, and non-self individuals make up (n-1)/n of the recipients.
Assortative relatedness also has a wider range of potential values for other-only than for whole-group traits. Consider first the range of positive assortment. Under maximal positive assortment each group consists of genetically identical individuals. Recipients are therefore identical to actors, resulting in relatedness of 1 for both trait types. Thus for both trait types the upper bound on r is 1, and by the definition of r a , the upper bound on r a is 1 -r s . Because r s is greater for whole-group than other-only traits in the same population, maximal assortative relatedness is greater for other-only than whole-group traits.
Assortative relatedness can also range lower for other-only than whole-group traits. Under extreme negative assortment each group has the same average genotype. For whole-group traits this means that recipient genotype always equals the global average genotype, so that relatedness is zero. Thus the lower bound on r w is 0, and the lower bound on assortative relatedness is r a w = 0 -r s w = -r s w . In contrast, for other-only traits structural relatedness cannot be greater than zero, so total relatedness under negative assortment is always negative. How negative it can be depends on group size. This can be seen by analogy with equation (A5) in Appendix 1, which states that relatedness of the rest of the population to an actor is r = -1/(N-1), where N = population size. Under maximum negative assortment every group has the same average genotype, so that each group plays the role of a population in equation (A5). For uniform group size n, relatedness of the rest of the group to actor takes the same value in each group of r o = -1/(n-1). Thus the lower bound on r o is -1/(n-1), and the lower bound on assortative relatedness under uniform group size is r a o = r o -r s o = -1/(n-1) -r s o . Of course these bounds on r a are theoretical limits, subject to the constraints that the actual distribution of genotypes in a given population permits assortment of individuals into groups of genetically identical individuals for maximal r a , and groups that each have the same average genotype for minimal r a . The bounds on average relatedness and its components are summarized in Table 4 and illustrated in Figs. 4 and 5. A crucial difference between the two trait types is that total relatedness can be negative only for other-only traits (Fig. 5 ). Although negative relatedness is possible for other-only traits under any population structure, it falls significantly below zero only when the population is quite small (Fig. 2) , or there is strong negative assortment among small groups (Fig. 4) . To express this result in terms of the "Proportion of variance" formula (Table 3) , the genetic variance between groups is greater than expected under random assortment in Population 1, and less than expected in Population 2. Table 4 . Range of possible values for relatedness and its components in group-structured populations. Some inequalities assume that group size is uniform. Table 4 .
Discussion
To summarize, the relatedness of recipients to actors differs even for whole-group versus otheronly traits of the same actor. This is an example of the more general phenomenon that relatedness can differ among traits or loci in the same individual when genetic similarity is caused by anything other than common ancestry in an outbred population (Grafen, 1991; Queller, 1996) . Relatedness is generally higher for whole-group traits, especially in small groups, in small populations, and under negative assortment. To clarify the sources of these differences we can partition relatedness into structural relatedness due to group size and population size, and assortative relatedness due to departures from random group composition. Each component is subject to different influences and has different bounds for other-only versus whole-group traits. As a result the two trait types differ in their evolutionary responses to population size, group size, and assortment pattern.
These differences have received surprisingly little attention, perhaps because most studies of selection in group-structured populations have considered only one trait type (Table 2) . These studies do not always stress that the critical quantity with regard to inclusive fitness effects is relatedness between actor and recipients of group fitness effects. Many phrases used to describe recipients, such as "group members" or "group of interactants", are ambiguous as to whether or not they include actors. As a result, the literature contains various statements about relatedness that can appear contradictory. A clear distinction between whole-group and otheronly traits helps to reconcile these apparent conflicts (Table 5) .
Some previous findings based on consideration of only one of the two trait types are valid for both, but lead to predictably different conclusions for the two types. For example, Hamilton (1970) showed that negative relatedness is necessary for the evolution of spiteful behaviors, which lower the absolute fitness of both actor and recipients. The fact that average relatedness cannot be negative for whole-group traits thus has implications for the kinds of social traits that can evolve. Whole-group traits cannot evolve to be spiteful, and can be selected for only if they benefit the groups they reside in. In contrast, other-only traits need not provide a group benefit to be favored, and can evolve to be spiteful.
Other findings are only valid for one trait type. For example, Breden (1990) showed that Hamilton's rule can be derived from a covariance model, leading to an equation for allele frequency change in terms of costs, benefits, and relatedness. However, this analysis relies on the "proportion of variance" formulation of relatedness (Table 3) , and is therefore valid only for whole-group traits. Other authors have also used this formulation of the relatedness coefficient without explicitly noting that it applies only to whole-group traits (Frank, 1995a (Frank, , 1997 .
Another example of conclusions that are valid for only one trait type concerns the role of non-random assortment. Some authors have stated that when assortment is random, relatedness is zero and there is therefore no effect of grouping on evolutionary outcomes (Grafen, 1984; Nunney, 1985; Linhart, 1999) , while others have claimed that grouping patterns can change evolutionary outcomes even under random assortment (Wilson, 1990) . The first statement is true for other-only traits, while the second is true for whole-group traits. In a similar vein, Hammerstein (1995 ) criticized Frank's (1995b model of policing on the grounds that when interactions involve non-kin, i.e., when assortment is random, relatedness will be zero, making policing unlikely to evolve. This argument would be correct for other-only traits, but the policing trait that Frank modeled is a whole-group trait, for which relatedness in large populations is actually 1/n rather than zero (Frank 1996b ). Table 5 . Some statements that are valid for one trait type but not the other. The term "relatedness" refers to average relatedness of recipients to actors in group-structured populations.
Other-only traits
Whole-group traits
Relatedness is zero in randomly assorting infinite populations.
True False
Relatedness is zero only when all groups have the same average genotype.
False True
Relatedness can be negative. True False
Relatedness can be positive without positive assortment.
Relatedness falls with increasing group size, all else being equal.
Relatedness equals the proportion of total genetic variance that falls into the between-group component.
Traits conferring a within-group disadvantage can spread under random assortment.
Even some widely held assumptions are true of one trait type but not the other. For example, the quality of being either altruistic or not is a fixed characteristic of whole-group but not other-only traits. This point requires a brief digression into terminology because two definitions of the term "altruism" are in common usage. These have been distinguished as "weak" versus "strong" altruism (Wilson, 1979b (Wilson, , 1990 . For a trait to be weakly altruistic requires only that it confers an individual cost, so that it reduces the actor's fitness relative to the rest of its group. In contrast a trait is strongly altruistic only if the net effect of its individual cost and group benefit is a reduction in the actor's direct fitness. Previous authors have assumed that a given trait is either strongly altruistic or not, independent of its social context. This assumption is valid for other-only traits, which are always strongly altruistic because they confer only costs on the actor. It is not valid for whole-group traits, however, if the total group benefit is fixed. Whole-group traits are strongly altruistic when the actor's share of the group benefit is less than the individual cost. This depends partly on group size, so that the same whole-group trait may be strongly altruistic in large groups but not in small groups (Pepper & Smuts, 2000) . Strong altruism is therefore not a characteristic of the trait alone, but is codetermined by population structure.
The concept of relatedness in evolutionary biology still lives an odd double life. On one hand the primary literature is in complete agreement that the more general concept of relatedness as genetic similarity is the correct predictor of evolutionary outcomes, rather than the narrower idea of relatedness through common descent. In the words of Hamilton (1975, pp. 140-141) , "[K]inship should be considered just one way of getting positive regression of genotype in the recipient... Thus the inclusive fitness concept is more general than 'kin selection'." The modern concept of relatedness accommodates both structural and assortative components. Among sources of assortative relatedness, common descent is clearly predominant in nature. However, "the special role of relatives is a powerful result of the theory, not a restricting assumption" (Grafen, 1991, p. 9) . On the other hand, textbooks on evolution continue to mention only the older and narrower concept of genealogical relatedness (Ridley, 1996; Bell, 1997; Hartl & Clark, 1997; Futuyma, 1998; Maynard Smith, 1998 ; but see Frank, 1998) . Although it reflects the emphasis placed on kinship in empirical research, this restricted view of relatedness obscures the full meaning and utility of this powerful concept.
Appendix 1: Average relatedness of the rest of the population to an actor
We can express the average genotype of the rest of the population, excluding the actor, in terms of the genotypes of the global population and the actor. The genotype of the total population is an average of the contributions of actor and other individuals, weighted by their relative frequencies:
where G P , G A , and G O are the average genotypes of the global population, the actor, and the rest of the population excluding the actor, respectively, and N is the global population size. This can be rearranged as
The general formula for the regression coefficient is 
For mixed group sizes, we assume that genotypes are distributed randomly with respect to group size. The probability of an individual appearing in a given group is then proportional to the group's size. Average relatedness is a weighted average of the right side of equation (A6) across groups, with group size as the weighting factor. This is equivalent to averaging across individuals. Let the total population consist of N individuals indexed by i, divided into g groups, with n i representing the size of the group containing the ith individual. Then whole-group structural relatedness is 
To put this result in terms of group size rather than number of groups, we can substitute N/ n for g, yielding 
showing that as population size approaches infinity, r s w approaches 1/ n . This was shown by Frank (1996b) for uniform group size.
